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P = current price,

C1, C2, Cn = coupon pay-

This column addresses the term
structure of interest rates. I begin
by reviewing the various ways in
which the term structure is measured. Then I present the major
hypotheses that purport to explain the relationship between interest rates and term to maturity.
Finally, I discuss a simple technique for estimating the term
structure.
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y = yield to maturity

and
n = number of discounting periods.

tially offered at a discount to their
face value, so that their yield is
equal to the annualized return
resulting from their conversion to
face value. The yield on a pure
discount bond is referred to as
the spot rate of interest.

The yield to maturity does not
We can think of a bond with
provide a particularly satisfying
predictable cash flows as a portyardstick for measuring the term
folio of pure discount bonds. In
structure of interest rates, for two
order to price coupon-bearing
reasons. First of all, it is an unreWhat is the Term Structure
bonds using spot interest rates,
alistic measure of a bond's yield
we assign the yield of a pure
of Interest Rates?
because it assumes that all of a
The term structure of interest
discount instrument maturing in
bond's cash flows are reinvested
rates, sometimes referred to as
six months to the coupon payat the same rate. This assumption
ment six months from now and
the yield curve, isolates the differimplies that a one-year instruthe yield of a one-year, pure disences in interest rates that correment nine years hence will have
count instrument to the coupon
spond solely to differences in
the same yield as a 10-year bond
term to maturity. As a first approxdue one year from now, proceedtoday. Obviously, there is no reaing in this fashion until we assign
imation, we can measure the term
son to expect interest rates to
yields to all the bond's cash flows.
structure by measuring the relaevolve according to this assumpThis relationship is shown in
tionship between the yields to
tion.
Equation (2). For purposes of
maturity on government debt insimplification, Equation (2) asstruments and their terms to maSecond, the yield to maturity is
sumes that coupon payments octurity. By focusing on government deficient because it varies as a
cur
annually.
debt instruments, we control for
function of a bond's coupon rate.
differences in yield that might
If a bond's coupon rate is below
arise from credit risk.
its yield to maturity, it will sell atEq.
a 2
discount to its face value. Part of
The yield to maturity of a bond
its return will thus arise from a
equals the internal rate of return
Cl C2
capital gain as it gravitates to its
that discounts its cash flows, inP= + +
face value. Because capital gains
(1 + r1) (1 + r2)2
cluding the coupon payments and
receive favorable tax treatment
the repayment of principal, back
relative to income, bonds that deCn F
to the bond's current price. This
rive their return from income
relationship is described by Equa(1 + rn)n (1 + r )n
only must offer a higher yield to
tion (1):
maturity than discount bonds in
where
order to compete on an after-tax
Eq. 1
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ments in periods
1 through n,
F = face value,

structure of interest rates from
the yields on pure discount
bonds. These bonds do not pay
coupons. Instead, they are ini-
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P=

+

(1+
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Cn F
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where

basis. Consequently, bonds with
r1, r2, rn = spot rates of interthe same term to maturity will
est of pure dishave yields to maturity that differ
count bonds maaccording
to the fractiony)2
of their
+(1+
turing in periods 1
through n.

return that arises from income
versus price change.

To control for the differential tax

treatment of coupons and price
change, we can measure the term

As long as there is a reasonable
supply of pure discount bonds at

all relevant maturities, the spot
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rates of interest should reflect
accurately the term structure of
interest rates. It might be the case,
however, that at particular maturities there is an inadequate supply of pure discount bonds, including coupons that have been
stripped from coupon-bearing
bonds. In this case, the yields on
these bonds might misrepresent
the term structure of interest

rates. I will address this problem
in the final section.
We can also describe the term
structure of interest rates by
suring the relationship between
forward rates and term to maturity. Thefonvard rate is the interest rate that will apply to an instrument commencing at some
future date. It can be derived
from the spot rates of interest.
Suppose that the spot rate of interest on a one-year instrument is

6.00% and that the spot rate of
interest on a two-year instrument
is 7.50%. If we were to contract to
purchase a one-year instrument
one year from now, what rate of
interest should we expect for this
instrument? The forward rate on a
one-year instrument one year
hence is determined so that an
investor is indifferent between
purchasing a two-year instrument
today and holding it to maturity
or purchasing a one-year instrument today and entering into a
forward contract to purchase a
one-year instrument one year
from now. This equality is shown
in Equation (3).

we find that the rate on a one-year
Table I Discount Factors When
instrument one year forward
Spot Rate of Interest =
equals 9.02%.
8%

Suppose that the market offers a
Term to Discount
one-year forward rate on a oneMaturity Factor
year instrument equal to 8.00%.
1
.9259
In this case, we would invest in
2
.8573
the two-year instrument today be3
.7938
4
.7350
cause we would be sure to earn a
5
.6806
cumulative return of 15.56%
6
.6302
(1.075X 1.075 - 1), compared
7
.5835
with a cumulative return of
8
.5403
14.48% (1.06X 1.08 - 1) were we
9
.5002
to invest in a one-year instrument
10
.4632
15
.3152
meatoday and a forward contract to
20
.2145
invest in a one-year instrument
one year hence. By the same
logic, we would choose the onewhere
year instrument and the forward
contract if the forward rate were
d(n) = discount factor for n
greater than 9.02%. The forward
periods,
rate is governed by the law of one
rn= spot rate of interest
price, which states that equivalent
for maturity n and
cash flows must sell for the same
n = maturity of pure disprice.
count instrument.
In general, we can derive the
The discount factor must fall beforward rate for any future date
tween 0 and 1. It approaches 0 as
and for instruments of any matuthe term to maturity approaches
rity using Equation (4), provided
infinity, and it approaches 1 as the
we can observe instruments with
term to maturity approaches 0.
the requisite maturities today.
Consider, for example, a situation
in which the spot rates of interest
Eq. 4
are 8% across all maturities. Table
I shows the discount factors corft,n- = [(1 + rn)n/(1 + rt)t]l/(n - t) responding to various maturities.

It is apparent from Table I that the
discount factor is a nonlinear
where
function of term to maturity. An
ftn-t= t-year forward rate for increase of five years beginning
with a term to maturity of one
n - t year instrument,
year reduces the discount factor
rn= spot rate for n-year inby nearly 0.3 unit, whereas an
a't
strument and
Eq. 3
increase of five years beginning
rt= spot rate for t-year inin year 10 reduces it by less than
H
strument.
0.15 unit and beginning in year 15
(1 + rD2 = (1 + r) (1 + fl)
(3
by only 0.1 unit. As a percentage D
Yet another way in which we can
of value, however, the discount
where
represent the term structure of
factor adjusts price proportionr2 = spot rate for two-year interest rates is to relate discount
ately with time. In all cases, an
factors to maturity. The discount
instrument,
increase in term to maturity of
factor is equal to the reciprocal of
r = spot rate for one-year
five years reduces the value of the
0
one plus the spot rate raised to
instrument and
bond by 31.2%, given an 8% spot
the maturity of the instrument, as
H
rate of interest.
fi, = one-year forward rate shown in Equation (5).
for one-year instruV1

-J

ment.

Eq. 5

If we substitute the one and twoyear spot rates into Equation (3),

d(n) = 1/(1 + rn)n

What Determines the Term
Structure of Interest Rates?
There are three hypotheses that
are commonly cited to explain
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merely suggests that it does not
Based on the term structure in
the previous example, the intersystematically over or underestimate the future spot rate.
est rate on a forward contract to
purchase a one-year instrument
It is implausible that the expectaone year from now must equal
tions hypothesis fully accounts for
8.01%. If the rate were lower, we
the term structure of interest
could sell the forward contract
The expectations hypothesis holds together with a one-year instrurates. As mentioned earlier, when
that the current term structure of
the term structure of interest
ment and use the proceeds to
interest rates is determined by
rates
slopes upward, according to
purchase a two-year instrument,
the consensus forecast of future
the expectations hypothesis, inthereby earning a riskless profit.
interest rates. Suppose that the
vestors expect interest rates to
If the rate on the forward contract
spot interest rate for a one-year
rise. Historically, the term strucwere higher, we could reverse
instrument is 6% and that the spot
ture has had an upward slope
these transactions for a riskless
rate of interest for a two-year
about 80% of the time. It seems
profit.
instrument is 7%. According to
unlikely that investors have exIt is not the case, however, that
the expectations hypothesis, this
pected interest rates to rise with
term structure arises from the fact we would necessarily profit by
that degree of frequency.
combining purchases and sales
that investors believe that a oneThe expectations hypothesis is
today with purchases or sales in
year instrument one year in the
implausible for another reason.
the
future.
Whether
or
not
we
future will yield 8.01%, because
In order for it to be true, invesprofit would depend on the fuan investor could achieve the
tors must believe that all bonds
ture, not forward, term structure
same return by investing in a
will generate the riskless return.
of interest rates.
one-year instrument today and a
Suppose that the spot rates of
one-year instrument one year
The distinction between actual
interest on a one-year instrument,
from now as she could achieve by
forward rates and implied future
a four-year instrument and a fiveinvesting in a two-year instrument
rates is analogous to the differyear instrument equal 6%, 7.5%
today. If the investor believes that
ence between covered interest
and 8%, respectively. The expecthe one-year rate one year in the
rate
parity
and
uncovered
interest
tations
hypothesis implies that a
future will exceed 8.01%, she will
rate parity. Covered interest rate
four-year instrument one year in
prefer to roll over consecutive
parity is an arbitrage condition
the future will have a rate of
one-year instruments as opposed
that
explains the relationship be8.51%. Based on today's term
to investing in a two-year instrutween
the
spot
exchange
rate
on
a
structure,
we could purchase a
ment today. But if she anticipates
currency
and
its
forward
expure
discount
bond with a face
that the one-year rate one year
change rate. The forward rate is
value of $1,000 maturing in five
ahead will be less than 8.01%, she
set such that an arbitrager cannot
years for $680.58. If the implied
will opt for the two-year instruprofit by borrowing in a lowfuture rate of 8.51% on a fourment today.
interest-rate country, converting
year discount bond is realized
to the currency of a high-interest- one year from now, we could
According to the expectations hyrate country, lending at the
pothesis, an upward sloping yield
then sell our four-year bond for
higher interest rate and selling a
curve indicates that investors ex$721.42, thereby earning a return
forward contract to hedge away
pect interest rates to rise. A flat
of precisely 6.0%, which equals
the currency risk. The cost of the
yield curve implies that investors
the riskless return on a one-year
hedge will precisely offset the inexpect rates to remain the same.
instrument.
terest rate advantage.
A downward sloping yield curve
Table II shows the implied term
indicates that investors expect
Uncovered interest rate parity
structure one year from now,
rates to fall.
posits that, on average, we cannot
given the present term structure
profit by borrowing in a lowIt is important to distinguish the
along with the total return one
future spot rates that are implied interest-rate country, converting
would achieve during the ensuto the currency of a high-interest- ing year by purchasing discount
by the current term structure
rate country, and lending in that
from the forward rates on conbonds of various maturities
country without hedging away the
tracts available today. Although
should the implied future term
currency risk. In effect, uncovboth rates are calculated in the
structure materialize.
ered interest rate parity is nothing
same way and are therefore equal
The implicit forecast that all
more than a statement that the
to each other, the interest rate on
forward rate is an unbiased estibonds will yield the riskless rea forward contract must obtain in
turn challenges credulity. It sugmate of the future spot rate. "Unan arbitrage-free world, whereas
gests that investors are indifferent
biased" does not mean that the
the implied future spot rate is
to risk. Historically, the returns of
forward rate is an accurate foreonly a forecast, and not a particulong-term bonds have been
cast of the future spot rate. It
larly good one at that.

the term structure of interest
rates-the expectations hypothesis; the liquidity premium hypothesis; and the segmented market
hypothesis, also known as the
preferred habitat hypothesis.

me

z

-J

z
-J

16

This content downloaded from 128.151.246.5 on Thu, 11 May 2017 17:43:42 UTC
All use subject to http://about.jstor.org/terms

Table II Total Return Implied
By Forward Rates

ity premium could still cause
long-term rates to exceed shortterm rates.

developed methods for estimating a smooth curve to represent
the term structure.

A third explanation of the term
structure of interest rates is the
segmented market hypothesis,
which holds that groups of investors regularly prefer bonds within
particular maturity ranges in order to hedge their liabilities or to
comply with regulatory requirements. Life insurance companies,
for example, have historically
preferred to purchase long-term
bonds, whereas commercial
banks have favored shorter-term
instruments. To the extent the
demand of one group of investors
increases relative to the demand
of the other group, yields within
the maturity range where relative
demand has risen will fall relative
to the yields within the maturity
range where there is slack in demand.

One such method is called spline
smoothing. This approach assumes that the discount factors
corresponding to the spot interest rates are a cubic function of
time to maturity, as shown in
Equation (6):

Implied
Future

Current Rates Implied

Term To Spot One Year Total
Maturity Rates Forward Return
1 Year 6.00% 7.00% 6.00%
2 Years 6.50% 7.50% 6.00%
3 Years 7.00% 8.00% 6.00%
4 Years 7.50% 8.51% 6.00%
5 Years 8.00% 6.00%

higher on average and significantly more volatile than the returns on short-term instruments.
This evidence suggests that investors demand and receive a premium in exchange for the higher
volatility of long-term bonds.

Eq. 6

d(n) = a + b *n + c * n
+d . n3
where
d(n) = discount factor for
maturity n and
n = term to maturity.

The higher historical returns of
We estimate the coefficients of
long-term bonds relative to shortEquation (6) by regressing the ober-term instruments lend creserved discount factors on three
dence to an alternative explanaindependent variables-term to
Term Structure Estimation
tion of the term structure-the
maturity,
its value squared and its
If we were to trace a line through
liquidity premium hypothesis.
value cubed. We then convert the
the
yields
on
pure
discount
govThis hypothesis holds that invesestimated discount factor to its
ernment bonds as they relate to
tors are not indifferent to risk.
corresponding
yield.
maturity, it is unlikely that this
They recognize that a bond's
line would form a smooth curve.
price is more sensitive to changes
Table III shows a hypothetical
Some of the observations would
in interest rates, the longer its
observed term structure along
likely rise abruptly and some
maturity, and they demand comwith an estimated term structure
would likely fall abruptly. These
pensation for bearing this interest
based on the cubic spline
apparent jumps might reflect the
rate risk. Thus bonds with longer
method. The fitted regression
fact that some of the instruments
maturities typically offer a preequation from the observed term
have not traded recently; thus the
mium in their yields relative to
structure is as follows:
observations are not contemporashorter-term instruments in orneous with each other. Moreover, Discount Factor = 1.01508
der to induce investors to take on
it may be the case that we have no
additional risk. The extent of the
observations for some maturities.
premium increases with term to
- 0.06206 * n - 0.00017 * n2
In an effort to overcome these
maturity but at a decreasing rate,
limitations, financial analysts have
+ 0.000087 n3.
for two reasons. Duration, a measure of a bond's price sensitivity
to interest rate changes, increases
at a decreasing rate with term to
Table III Cubic Spline Estimated Term Structure
maturity.1 Moreover, long-term
interest rates are typically less volObserved Observed Estimated Estimated
atile than short-term interest
Maturity Spot Rate Discount Factor Discount Factor Spot Rate
rates.
The notion that yields on longerterm instruments reflect a liquidity premium is consistent with the
observation that the yield curve
usually has an upward slope.
Even when investors anticipate
that interest rates will remain the
same or decline slightly, a liquid-

1 5.03%
2 5.89%
3 6.47%
4 6.57%
5 7.20%
6 7.35%
7 7.55%
8 7.60%
9 7.89%
10 8.00%

.9521
.8918
.8285
.7753
.7064
.6534
.6008
.5565
.5049
.4632

.9529
.8909
.8297
.7696
.7112
.6552
.6019
.5519
.5057
.4639
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4.94%
5.94%
6.42%
6.77%
7.05%
7.30%
7.52%
7.71%
7.87%
7.98%
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These estimated yields allow us to
price bonds for which we do not
have reliable observations. Furthermore, we may believe that
the values along the smoothed
curve represent yields toward
which the observed yields will
converge, thereby suggesting
trading opportunities.
I have attempted to provide a
broad overview of the term structure of interest rates. This topic is

one of the most widely researched areas of finance; the interested reader will have no trouble pursuing more detailed
analyses.2
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W - April 20-22, 1994 * Buena Vista Palace, Walt Disney World Orlando, Florida
You are invited to join actuaries and other financial experts from around the world to share ideas at the 4th AFIR International
Colloquium. AFIR, Actuarial Approach for Financial Risks, is the financial section of the International Actuarial Association (IAA).
AFIR promotes the exchange of ideas on risk and other financial issues between the actuarial profession and other financial experts.
This colloquium is in conjunction with a spring meeting of the Society of Actuaries and is cosponsored by the Casualty Actuarial
Society.
A highlight of the colloquium is the discussion of papers presented on general finance and investment topics. Academicians, actuaries
and non-actuaries, and other professionals employed in the financial services industry are invited to submit papers. Papers will be
mailed to registered participants in advance of the colloquium.
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