2. GARCH Models

The Mean Equation

Eyres1 = p + o7

2
Virty1 = o}

reel = po+ Y07 4 e

re+1 = In(CRSP value weighted index return) - In(T-bill rate)

ne+1 (ri11) has conditional variance o?

For ;41 i.i.d. ~ ¢(0,1)

Ni+1 = O€+1

Mt+1 ~ gb(oa 0752)

2
Ttyl = B+ Y0p + Ot€iq1
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The Variance Equation

Canonical GARCH
Bollerslev (1986)

2 2 2

2
of = w + ao;_ 16 + [oj4

e large shocks — very large atz

e symmetry

Absolute Value GARCH
Taylor (1986), Schwert (1989), Nelson and Foster (1994)

of = w + aoi_1|e| + Bor-1

® symmetry



Modelling Asymmetry

o = w + aoi_1|e| + Bor-1
o = W —+ OZUt_l‘Et—b’ + ﬁO’t_l
or = w + aor1 ||| — cet | + Pori

O = W + Qo1 [’Q—b’ — C(Et—b)] + ﬁO't_l

fler) = lee —b] — c(er —b)

for positivity we need |¢| <1



The News Impact Curve
Pagan and Schwert (1990), Engle and Ng (1991)

How do shocks affect conditional volatility?
Plot surprise in conditional volatility against shock:

(O't—Elg_la't) VS. €t

for € i.i.d. ¢(0,1) FEj_1|e;| = constant

or = w + aoi_1|e| + Boi—1
Ey 100 = w+ aoi1Ei1|e] + Borq
(0r — Ei—10v) = ao_1le] — ao—1Ei—1]e]

(O't — Et_lat) X ‘Et‘



3. A Family of Variance Models
Nest existing GARCH models:

1. Unify GARCH literature
2. Test for “best” model using nested tests

Two-step procedure:
1. Box-Cox transformation of oy
2. Power transformation of f(e;)

f(Et) = ’675 — b‘ — C(Et — b)



4. Estimation
Full Maximum Likelihood Estimation for efficiency

€t+1 N(Oal)

e quasi maximum likelihood White (1982)

e leptokurtic distributions don’t change parameters of interest
— Bollerslev (1987): Student-¢
— Nelson (1991), Sentana (1991): GED



Maximum Likelihood Estimation

we observe y;
our model says that y; = f(0, ;) + €
we take x; as given

conditional on this model, the probability of observing y; is
L(Q,I’t)

alternatively, conditional on the observations and the structure of
the model, the probability that the observed data were generated
by 0 is also L(0, x¢)

MLE tries to find 6 by maximizing ), In L(6, x¢)



Numerical Optimization

General Idea of Newton-Raphson Method
e want to maximize objective function L(0)

e true maximum is at 6

e finding the maximum is equivalent to finding a zero gradient

L'(0;) =L'(0+(0; —0)) = L'(6+ h)

e take a Taylor series approximation around the true maximum

L0+ h) = L'(6) + hL"(6)

L0+ h)
"= ey
9—0,— L)




Recursive Nature of GARCH

2
Tt+1 = WU + Y0; + Ot€t41
2
of = w + aogiq6 + foi
e we observe 111

e conditional on o; we can solve for €1
— need oy to start everything up
— unconditional expectation of o; makes a good starting point

e use {¢:} to construct likelihood function

L(B) =) In(¢(er))
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Figure 3: News Impact Curves
The "gure shows the news impact curves for "ve di®erent garch models. The news impact
curves were estimated from the daily log return on a value-weighted equity index in excess
of the risk-free interest rate. The stock returns are a composite of the Schwert (1990) index
returns and the crsp index returns. The Fama/Bliss riskless rates were obtained from the
crsp bond Tes. The entire sample period, January 2, 1926 to December 31, 1990, spans
17,486 observations. The conditional standard deviations, %, of excess returns, r¢+1 , were
estimated from the family of models described by

Mer = 1+ %2 + %2 (1)

% i1 _Hai

=1+ ®3/{‘i1f°(2t)+ )

B p -
f(%) = az+(2i b2 i o3 b: 6

The appropriate restrictions on | and ° were enforced, but b and c were freely estimated. The
maximum likelihood parameter estimates for each of the models are given in the bottom rows

of the "ve panels in table 2. The responses shown are conditional on %, 1 = :01, and were
roughly converted to annual percentage terms with a scale factor of 1,600.



TABLE 3
Likelihood Ratio Tests for Asymmetry in Volatility

Maintained Hy Hap
Hypothesis c=0, bfree b=0, cfree b and c free
b=c=0 303.622 304.542 311.667
(0.000) (0.000) (0.000)
A=0,v=1 c=0, b free 8.045
(0.005)
b=0, c free 7.125
(0.008)
b=c=0 315.098 335.082 336.833
(0.000) (0.000) (0.000)
A=1Lrv=1 c=0, b free 21.735
(0.000)
b=0, cfree 1.751
(0.186)
b=c=0 306.023 230.990 306.114
(0.000) (0.000) (0.000)
A=2,vr=2 c=0, b free 0.091
(0.763)
b=0, c free 75.124
(0.000)
b=c=0 307.949 280.136 310.810
(0.000) (0.000) (0.000)
A=v c=0, b free 2.861
(0.091)
b=0, c free 30.674
(0.000)
b=c=0 309.179 275.798 310.654
(0.000) (0.000) (0.000)
A, v free c=0, b free 1.475
(0.224)
b=0, cfree 34.857
(0.000)
The likelihood ratios test restrictions in the model
Tt41l =M + 'yof + ot€r41 (1)
A
%l ek, e + o IR (1)
A A
fler) = /a? + (e = b)? — c(e —b). (6)

The numbers in parentheses are asymptotic probability values. All parameter estimates were
obtained by maximum likelihood estimation under the assumption that e; ~ N(0,1), and a
subset of the parameter estimates is given in table 2. The daily log excess stock returns, r¢1,
are measured as the log returns on the value-weighted index of NYSE stocks in excess of the
log of the risk-free interest rate. The stock returns are a combination of the Schwert (1990)
returns and the value-weighted index returns from the CRSP tapes. The riskless interest rates
were obtained from the Fama/Bliss series, also on the CRsP tapes. The sample period, Jan-
uary 2, 1926-December 31, 1990, spans 17,486 observations.



TABLE 4
Likelihood Ratio Tests of Functional Form

Ho HA

A=v A, v free
EGARCH 60.758
A=0,vr=1 (0.000)
AGARCH 75.089 81.443
A=1rv=1 (0.000) (0.000)
GARCH 21.563 27.918
A=2,v=2 (0.000) (0.000)
NARCH 6.355
A=v (0.012)

The likelihood ratios test restrictions in the family of models given by

Tl =g o+ Y07 + Oreryl 1)
o')‘ —1 O’A_ -1
L = w t a0y, fa) + 8 ()
A A
fler) = /a2 + (et —b)2 — c(er — ), (6)

where r¢41 is the daily log return on a value-weighted equity index in excess of the risk-free in-
terest rate. The stock returns are a composite of the Schwert (1990) index returns and the CrRsp
index returns. The Fama/Bliss riskless rates were obtained from the CRSP bond files. The pa-
rameters b and c are freely estimated in all models. The numbers in parentheses are asymptotic
probability values. All parameter estimates were obtained by maximum likelihood estimation
and are given in table 2. The sample runs from January 2, 1926 to December 31, 1990 and
includes 17,486 observations.



